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Abstract—Electron and ion momentum spectra following double ionization by 250 nm laser pulses are numerically obtained for several two-electron systems: a He model atom; the same system without electron–electron
interaction; a H– model ion. The two-electron momentum distributions differ qualitatively from system to system. However, the recoil-ion spectra are qualitatively similar. In all cases, they exhibit a peak structure due to
above-threshold double ionization.

It is known for many years now from experiment
and theory that double ionization of atoms in intense
laser pulses is strongly enhanced by electron–electron
correlation [1–3]. Recently, the interest into the phenomenon has been renewed as a series of experiments
gave new insight into the double-ionization mechanism
[4–7]. In these experiments, a crucial element is the
measurement of the recoil momenta of the doubly
charged ions or, in a more sophisticated setup, the measurement of momenta for electrons which are emitted
in coincidence with the doubly charged ions. In a very
good approximation, the total momentum of an atom is
conserved when exposed to laser irradiation because
the photon momentum is negligible. Therefore, the
recoil-ion momentum p2+ is related to the electron
momenta p1 and p2 by p2+ = –(p1 + p2) and thus gives
valuable information about the electron momenta.
We have recently predicted [8] that the two-electron
analogue of above-threshold ionization (ATI, see [9,
10]) can be observed in the electron spectra and also in
the recoil-ion momentum spectra. Above-threshold
double ionization (ATDI) manifests itself as a peak
structure in the spectra where the different peaks correspond to different numbers of absorbed photons. Our
model calculation predicted that the effect is observable
for pulses of 400 and 250 nm wavelength. It is important to note that an ATDI peak structure appears not
only in the two-electron spectra, but also in the recoilion momentum spectra. These can be measured with
much less effort than correlated two-particle distributions since no coincidence setup is needed. The full
three-dimensional calculation by Parker et al. has also
predicted the appearance of ATDI structures [11]. Their
calculation, however, was carried out for wavelengths
around 20 nm [11].
In this paper, we extend our study to investigate in
how far the electron–electron interaction affects the
ATDI structures. To that end, the calculation is per-

formed not only for a He model atom with interacting
electrons, but also for a system with the same nuclear
charge but no electron–electron repulsion. Furthermore, we study the behavior of a H– model ion. The
electrons are more loosely bound in H–. Hence, under
similar conditions, the ionization probability is much
larger and the ionization is dominated by the sequential
process in which both electrons are ejected independently of each other. Therefore, the H– will take an
intermediate position where the electron–electron
interaction is present, but not as important as in the He
atom.
The dynamics of the two-electron model system,
driven by an electric field E(t ), is governed by the
Hamiltonian
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with A(t ) = – 0 E (t ')dt '. Here, the nuclear charge is Z =
2 for He, and Z = 1 for H–. The parameter λ measures
the electron–electron interaction and is set to 1 except
in the case of the non-interacting He atom where λ = 0.
We integrate the time-dependent Schrödinger equation
for the two-electron wave function Ψ(z1, z2, t ) by
employing the split-operator method [12]. The wave
function is numerically represented on a two-dimensional grid.
The calculation of the final two-electron momentum
distribution is rather demanding. This is because the
wave function reaches a spatial extension of several
hundred atomic units within a few optical cycles. For
realistic laser pulses, the grid cannot be made large
enough to contain the whole wave function, and one
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Fig. 1. Two-electron momentum distribution for double ionization of the He model atom by a 250 nm pulse with intensity 1015 W/cm2.

uses absorbing boundaries to absorb the outgoing electron flux. The calculation of final electron spectra
requires to store the information about the momenta of
the outgoing electrons. We use the method developed in
our previous work [13], i.e., we divide the configuration
space into three regions, one corresponding to the neutral atom (or intact H– ion, respectively), one corresponding to the singly ionized system, and one corresponding to the doubly ionized system. In the doubleionization part, both electrons are far away from the
nucleus, and typically far from each other as well.
Hence, in this region, the particle–particle interactions
can be neglected and the wave-function propagation
can be accomplished by multiplications in momentum
space. Similarly, in the single-ionization region, the
same is true for one of the two electrons. In this work,
the boundary of the inner part is located at ± 200 a.u.
Note that most other publications of numerical twoelectron calculations do not show final double-ionization distributions but rather snapshots of the inner
region, taken during the action of the laser pulse.
Our calculations are performed for pulses of 250 nm
wavelength and a duration of 24 optical cycles. For He
and its non-interacting variant, we use an intensity of
1015 W/cm2. For H–, we use a reduced intensity of
3 × 1014 W/cm2 in order not to ionize this weakly bound
system in a too short time. The pulse shape is chosen
such that the electric-field envelope is trapezoidal with
6-cycle leading and falling ramps. By using this pulse
shape we avoid unrealistic pulse shape effects on the
final momentum spectra as we will briefly show in the
following. Assume that an ion of charge q is created
with zero initial velocity at time t0 during the action of

–1.5

0
p1, a.u.

1.5

Fig. 2. Two-electron momentum distribution for double ionization of the He model atom with non-interacting electrons
by a 250 nm pulse with intensity 1015 W/cm2.
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After ionization, assume that the ion is accelerated
according to the classical equation of motion for a free
particle exposed to the laser field. Then, for t1 < t0 < t2,
it is straightforward to show that the final ion momentum is
qE
p ion = ---------0 cos ( ωt 0 )
ω
qE 0
- [ sin ( ωt 2 ) – sin ( ωt 3 ) ].
+ -----------------------2
ω ( t3 – t2 )

(3)

In our case, t2 and t3 are such that the second term vanishes. The remaining first term equals the ion drift
velocity around mid-pulse where the field amplitude is
constant and the ion velocity oscillates with frequency ω
around a mean value. The equality of final momentum
and drift momentum does not hold in general, but it
does hold in the adiabatic limit of long pulses. This case
usually applies to the pulses used in experiment. Quantum mechanical computer simulations, on the other
hand, are often restricted to much shorter pulse duraLASER PHYSICS
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agation time of 36 optical cycles (employing a 24-cycle
pulse plus 12 cycles field-free propagation). Figure 1
gives the result for the He model atom. We find the typical ATDI ring structure as we have explained in detail
in our previous publication [8]. Each ring is a line of
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Fig. 3. Two-electron momentum distribution for double ionization of the H– model ion by a 250 nm pulse with intensity
3 × 1014 W/cm2.

tions. The trapezoidal envelope shape, however, avoids
artificial short-pulse effects on the final momenta.
Figures 1–3 show the final momentum distributions
for double ionization. They are taken after a total prop-

2

constant total energy Ekin = p 1 /2 + p 2 /2. The different
rings correspond to a different number of absorbed
photons. When the interaction between the two electrons is switched off, we obtain the distribution of
Fig. 2. Here, there is no ring structure. Instead, we find
a cross-like pattern. The maxima of this distribution are
located at the crossing points of horizontal and vertical
lines. Clearly, the spectrum is the product of two identical one-electron spectra exhibiting the typical oneelectron ATI peaks. This type of double ionization is
sequential. Contrary to this non-interacting two-electron system, in the interacting system, energy can be
dynamically transferred from one electron to the other.
Then, density appears essentially everywhere along the
lines of constant total energy. Both the ring structure
and the cross-like pattern were found in the short-wavelength calculation of [11] as well. Figure 3 displays the
distribution for the H– ion. This distribution takes an
intermediate position: It consists of maxima which are
arranged according to the cross pattern, but these maxima tend to become connected along circles. Due to the
quicker ionization of H–, the maxima are broadened out
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Fig. 4. Recoil-ion momentum distributions for double ionization. Panels (a), (b), and (c) correspond to Figs. 1, 2, and 3, respectively.
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as compared to He, although the laser intensity is chosen lower for H–.
In panels (a–c) of Fig. 4, we present the recoil-ion
spectra. They show the momentum distribution of the
ejected He2+ ions or H+ ions, respectively. There is a
well-defined peak structure in all cases. In the region of
large absolute recoil momenta, i.e., |p2+ | ≥ 1 a.u., one
can easily check that the peaks are separated by the
photon energy ω if for each peak, a corresponding
energy value of Ekin = (p2+)2/4 is calculated. We have
explained the appearance of these peaks in [8]. The
explanation, however, was based on the ring structure
in the two-electron distribution. Surprisingly, the system with non-interacting electrons shows the same
peak structure in the recoil-ion spectrum [see Fig. 4b]
although it has a two-electron momentum distribution
with no ring structure. Apparently, the reason is the following: The regions giving rise to the peaks at large
absolute p2+ are those where p1 and p2 are both large
and positive or both large and negative. As Fig. 2
shows, there is large probability in these regions.
Although the maxima are clearly separated from each
other, they can be thought of as lying on concentric circles. The maxima that lie on the same circle are close
enough to each other to produce a single peak in the
recoil-ion spectrum instead of several ones.
We conclude that the electron–electron interaction
changes the two-electron momentum spectrum qualitatively as it causes the appearance ATDI rings. These
rings are not found for non-interacting electrons. In
double ionization of H–, a ring structure is observed, but
it is less pronounced than for He. For all systems, how-

ever, the recoil-ion momentum spectra exhibit the same
peak structure in the sense that the separation of the
peaks is related to the photon energy by the same formula. This ATDI structure seems to be quite robust.
Therefore, we expect that it will be observed in experiment in the near future.
This work was supported by the Deutsche
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