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Accurate knowledge about electron dynamics in strong-field phenomena is crucial for understand-
ing ultrafast processes at the attosecond scale. In this work, we improve the time-retrieval method
for extracting electron ionization and return times from experimental observables in high-order
harmonic generation. We address an existing approximation for the condition to maximize the har-
monic intensity, and we introduce an accurate alternative equation. Furthermore, we introduce a
numerical approach to incorporate Coulomb corrections into the retrieval procedure by calculating
the Coulomb-induced shift of the electron velocity via integration of the Coulomb force, and the
Coulomb action via integration of the Coulomb potential, both along the electron trajectories. Our
refined method significantly improves the precision and reliability of the retrieved electron dynamics,
establishing a robust foundation for future attosecond-scale investigations.

I. INTRODUCTION

The field of ultrafast science has made remarkable
strides in probing, understanding, and controlling ultra-
fast quantum phenomena, with advances in laser-based
techniques enabling time measurements on the attosec-
ond scale. Among these techniques, high-order harmonic
generation (HHG) has emerged as a key tool for the
production of coherent extreme ultraviolet (XUV) radi-
ation and for the study of ultrafast quantum dynamics
such as electron and nuclear dynamics in gases, liquids,
and solids [1-3]. HHG has been widely used for various
purposes, including the generation of isolated attosec-
ond pulses [4, 5], ultrafast spectroscopy [6], the study of
tunneling dynamics [7], the characterization of molecu-
lar structure [8, 9] and molecular orbital tomography [10—
12], the tracking and control of charge migration [13, 14],
and the investigation of electron and lattice dynamics
[15-18] in solids.

HHG is commonly described as a three-step process
[19, 20], where an electron is first freed by a strong laser
field, then accelerated by the field, and finally recom-
bined with the parent ion, emitting a high-energy photon.
Measurement of ionization and return times in HHG is
essential to understand the underlying electron trajecto-
ries and their role in the emission of high-order harmon-
ics. Accurate knowledge of electron trajectories provides
deeper insight into attosecond phenomena and enhances
the capabilities of HHG-based ultrafast spectroscopy.

In 2012, the ionization and return times in the HHG
process were experimentally measured using an orthogo-
nally polarized two-color (OTC) laser field [21]. For that
purpose, a set of two equations was used as time-retrieval
equations along with two experimental observables as
inputs to reconstruct the ionization and return times.
Within this method, a weak second-harmonic field, po-
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larized perpendicular to the driving field, was introduced
to laterally perturb the electron motion after ionization.
By adjusting the phase delay between the two fields, the
electron trajectory corresponding to each harmonic order
can be controlled to reach two distinct cases: one phase
maximizes the harmonic intensity and the other maxi-
mizes the return angle at the moment of recombination.
These two optimal phases act as key input observables for
the time-retrieval equations, enabling the reconstruction
of both ionization and recombination times. In the pio-
neering experimental and theoretical studies [21, 22], the
influence of the Coulomb force on the liberated electron
was neglected in the time-retrieval equations. However,
Coulomb effects are predicted to play a significant role
in HHG [23, 24]. In particular, the analytical R-matrix
(ARM) model predicts that the Coulomb interaction can
shift the ionization and return times to earlier times by
approximately 33—-37 and 5-19 attoseconds, respectively,
for a helium atom driven by an 800 nm field [23]. De-
spite this, theoretical studies demonstrate that ionization
times can be extracted with good accuracy using higher-
frequency probe fields (> 4w, where w is the fundamental
field frequency), even when Coulomb effects are neglected
in the retrieval formalism [25]. The results of the high-
frequency probing are in good agreement with the ARM
theory. In fact, at high probe frequencies, the Coulomb
terms in the time-retrieval equations become negligible,
and the Coulomb influence is instead reflected in the opti-
mal phases. Conversely, for lower probe field frequencies,
such as 2w with an 800 nm fundamental field, neglecting
the Coulomb effect introduces an error of approximately
35 as in the retrieved ionization time [25, 26]. Recently,
Yue et al. attempted to incorporate the Coulomb ef-
fect into the time-retrieval equations by considering a
Coulomb-induced instantaneous kick in the electron ve-
locity perpendicular to the fundamental field [26]. While
the results from such a time retrieval showed a shift of the
ionization times toward earlier times (8-20 as), they still
deviated from the ARM predictions by 13-27 as, high-
lighting that treating the Coulomb effect as a Coulomb
kick is not sufficiently accurate.
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The extraction schemes for the ionization and return
times have two main applications. First, they facilitate
the measurement of these times when applied to exper-
imental data. Second, when applied to exact numeri-
cal solutions of the time-dependent Schrodinger equation
(TDSE), they allow us to check whether the analytical
models are accurate.

In this study, we refine the time-retrieval equations
used in the OTC method by a more accurate treatment
of the Coulomb force. Unlike [26], which treated the ve-
locity change induced by the Coulomb force as an initial
kick under the assumption of constant laser electric field,
our approach incorporates the Coulomb force by numer-
ical integration over electron trajectories. The optimal
phases, which serve as inputs to the time-retrieval equa-
tions, are obtained using the TDSE. Our results demon-
strate reasonable agreement between the retrieved ion-
ization times and the ARM predictions in both the low-
and high-frequency regimes. Additionally, we clarify that
one of the equations used in the time-retrieval method of
prior studies, specifically the one related to maximizing
the total harmonic intensity, is an approximation, that
can lead to errors of up to 11 attoseconds in the retrieval
of the ionization time for certain harmonic orders. We
introduce an accurate equation to replace this approxi-
mation and obtain retrieved times in better agreement
with the ARM model. These refinements improve the
accuracy and robustness of the time-retrieval method,
establishing a more reliable foundation for future inves-
tigations.

The article is organized as follows. Section II de-
scribes the numerical method for solving the TDSE,
which is used to obtain the optimal phases as input ob-
servables, and the theoretical framework of the time-
retrieval method applied to extract the ionization and
recombination times. The results of our analysis are pre-
sented and discussed in Sec. III, followed by a summary
of the key findings and conclusions in Sec. IV.

II. THEORETICAL MODEL
A. Time-dependent Schrodinger equation

The TDSE in the length gauge and dipole approxima-
tion is given by (atomic units are used unless otherwise
stated)
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Here, ¢(r,t) denotes the time-dependent electron wave
function at position r. A two-dimensional soft-core po-
tential, V(r) = —1/v/r? + a, with a softening parameter
a = 0.0684 is employed to model the helium (He) atom,
which has an ionization potential of I, = 24.6 eV. The
electric field of the OTC pulse, E = —0;A, is described

by the vector potential as follows
Ey . R € . A~
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where &, and &, are unit vectors. The parameters Ej
and w denote the peak field amplitude and frequency of
the fundamental field. The pulse consists of three optical
cycles of period T' = 27/w. The probe field is charac-
terized by the frequency nw and the field amplitude eEj.
The relative phase ¢ (two-color delay) controls the delay
between the fundamental and probe fields. The envelope
function f(¢) includes a one-cycle ramp-on, a one-cycle
flat top, and a one-cycle ramp-off, with the ramps shaped
by a cos®(wt/4) function. The flat-top segment begins at
t = 0. All simulations in this study are performed for
an 800 nm fundamental laser pulse with an intensity of
4 x 10 W/cm? and probe fields with various n and
€ = 0.005. The simulation box is defined on a Cartesian
grid with dimensions L, x L, = 300 x 160 a.u., using
a uniform grid spacing of 0.3 a.u. The wave function
is propagated in time using a time-reversal symmetric
propagator [27] with a time step of 0.02 a.u. To prevent
artificial electron reflections at the boundaries, a mask
function is applied. The mask function is set to 1 for
|x] < xp and |y| < yo and gradually decreases to zero
at the boundaries following a cos?-shaped function. The
absorber parameters are set to zg = l.lEO/w2 = 36.2
a.u. and yo = (7/18)L, = 62.2 a.u. The value of zg
is chosen such that the mask function effectively absorbs
long-trajectory electrons. The TDSE simulations are car-
ried out using the Octopus code [28].

Given the time-dependent wave function, the dipole
acceleration can be calculated using the Ehrenfest theo-
rem [29],

a(t) = (Y(r,t)[ 0V (r) + E@)[¢(r, 1)) . 3)

Since harmonic emission consists of contributions from
several trajectories, the harmonic spectrum is not an
ideal observable for retrieving emission times. Instead,
we employ the Gabor transform to extract the emission
data. The total Gabor intensity is defined as
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where Q is the harmonic frequency and ¢ = 1/(3w).
The emission time t. is determined as the local max-
imum of the total Gabor intensity Is for each har-
monic frequency 2. For this purpose, only trajecto-
ries launched in the first half-cycle of the flat-top re-
gion of the pulse are considered. Consequently, the
emission intensity at the harmonic {2 is obtained as
I.(Q2) = I(9, t.), and the amplitude ratio is determined
by R.(Q) = /Ig,(te)/Ia, (9, t.). Here I, and Ig,
correspond to the x- and y-components of the dipole ac-
celeration, respectively. Finally, by varying the two-color
delay ¢, one can determine the optimal phase ¢; that




maximizes the harmonic intensity and ¢, that maximizes
the amplitude ratio as follows
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These optimal phases serve as two observables that can
be used as inputs for the time-retrieval equations.

B. Strong-field approximation and quantum-orbit
model

The time-retrieval equations are formulated based
on the strong-field approximation (SFA) [20] and the
quantum-orbit (QO) model [30]. These models do not
include the Coulomb interaction. Therefore, they can
serve as a reference for verifying the validity of results
obtained from the time-retrieval equations in the limit
where the Coulomb correction is disabled in the retrieval
method, as well as for assessing the effect of the Coulomb
force on the retrieved times. In the following, we briefly
review the main equations of these models as employed in
this study. In the SFA evaluated within the QO model,
the intensity of the emitted harmonic with frequency §2
at the return time ¢, is given by
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Within the SFA framework, the action S corresponds to
the Volkov phase, defined as

I, = ’eﬂ'(sfm,,.)

Sy = /t jr ng(t) + %vj(t) + Ip} dt. (1)

Here we assumed that only one trajectory is relevant.
The complex ionization and recombination times based
on QO model (t?o7 tQ0) are determined by the saddle-
point equations:
vit)/2= 1, V(t;))/2=Q—1,. (8)

Here v(t) represents the electron velocity

v(t) = A(t) — — /t‘TA(t’)dt’. )

t, —t;
The laser-induced trajectory rp(t) = (zr(¢t),yr(t)) =
ftti v(t")dt' for the laser field of Eq. (2) is written as
E
xp (t) = w—g {cos (wt) — cos(wt;)

_ M(COS (wt,) — cos(wti)ﬂ , (10)

(tr - tz)
yr (t) = (7250)2 {cos (nwt 4+ ¢) — cos(p;)
_ H(cos (or) — cos(go,»))] , (11)

where ¢; = nwt; + ¢ and ¢, = nwt, + ¢.

The ionization and return times obtained from the QO
model (a reference without Coulomb effects) can be com-
pared with the results of the time-retrieval method to
reveal the Coulomb-induced time shift.

C. The analytical R-matrix (ARM) model

Since we will refer to the ARM model [23] as an ap-
proach that accounts for the Coulomb interaction while
predicting ionization and return times, we briefly sum-
marize its key equations here. In this model, the total
action is expressed as S = Sy + S¢, where S¢ denotes
the Coulomb-induced correction to the action, defined as

So = / Y Ue(en(t)) dt. (12)
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Here, ry(t) represents the laser-induced Coulomb-free
trajectory defined by Eqgs. (10) and (11). The integration
interval is defined with the lower limit ¢, = t; —i/(21},),
while the upper limit ¢y is obtained by enforcing the re-
turn condition

exp [2(0.5772 — &)]
2v,

r(ty)? = , (13)

where

€= i Ll) — v, arctan (;p)] , (14)

p=1

and the return velocity is given by v, = 1/2(Q — I,).

Assuming that the Coulomb-induced action S¢ is
small compared to Sy, one can approximately solve the
Coulomb-corrected saddle-point equations. This yields
the first-order corrections to the ionization and return
times [23]:
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where the partial derivatives act on those parts of S,
that depend on I, and 2 through the times ¢; and ¢,.
Therefore, ARM times are obtained as

FARM — QO AGARM - ARM _ 4QO 4 AGARM (1)

D. Time-retrieval equations

The time-retrieval equations proposed and used in
prior studies [21, 22, 26] read

Rew =0, OsR =0. 17
o= “Ho=s. an

Here, vy represents the initial lateral velocity of the elec-
tron at the ionization moment ¢;. R is the amplitude ratio



defined as R = |vy(t,)/vz(tr)], where vg(t,) and vy(t,)
denote the return velocities along the z-axis and y-axis,
respectively, evaluated at the return time ¢,.. For vyo and
R, analytical expressions are used that depend on the
two-color delay ¢ and the times ¢; and ¢,.. Thus, from the
knowledge of the measurable quantities ¢, and ¢, and
using Eq. (17), the times ¢; and ¢, can be obtained. The
initial lateral velocity and the amplitude ratio, including
Coulomb corrections, can be expressed as follows:

 eEy [ cos(py) — cos(p;)
0= 7n7u? [Sm(%) + nw(t, — ;) ]
AyC(t;,t,)
T ot (18)
_ 1 _eko | cos (i) — cos(y;)
e [ ) }
+ A0S (b, 1) — Azc(_ttt)) . (19)

Here, Avg and Ay® represent the velocity change and
displacement of the electron along the y-axis, respec-
tively, induced by the Coulomb force during the excur-
sion time (from Ret; to Ret,). Since t; and ¢, in the
above equations are generally complex values, additional
assumptions are required for their imaginary parts. For
the imaginary part of the ionization time, a suitable
choice is to adopt the Keldysh tunneling time defined
as Imt; = 7 = /2I,/|Ex(Ret;)| [25]. The simplest
assumption for the imaginary part of the return time is
Imt¢, = 0. Although this assumption may be effective
to some extent [26], our analysis of the new implemen-
tation of Coulomb corrections in the time-retrieval equa-
tions (presented in the subsequent section) indicates that
it leaves room for improvement. A more accurate alter-
native, employed throughout this work, is to adopt the
value of Im ¢, from the ARM times Eq. (16).

If the Coulomb force effect is approximated as a short
kick induced at ¢ = Ret;, as used in Refs. [26, 31, 32],
then the Coulomb terms in Eqgs. (18) and (19) result in

Ep cos (nwRet; + ¢)
AvC ti, t.) = ul = il , 20
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By substituting Eqgs. (20) and (21) into Egs. (18) and
(19), we obtain the same retrieval equations used in Ref.
[26] (Egs. (11) and (14) in [26]). As demonstrated in
[26], this approximation results in a shift of the ionization
time to earlier times at lower probe frequencies; however,
the retrieved times remain significantly different from the
prediction of the ARM model.

To achieve a more accurate Coulomb correction for the
time-retrieval equations, we propose an alternative ap-
proach. The Coulomb-induced velocity change can be
calculated via Coulomb force integration as follows

t
C _ C (4 /
Ao (1, 1) = /t FC () dt’, (22)
where t; represents the starting time of electron excur-
sion, and the y-component of the Coulomb force is given
by
oV t
FO) = — a(r) = —— yL(z) 53 (23)
Y (=7 (1) + vz (1))

To obtain the time-dependent Coulomb force, we require
the electron trajectories. Here, we use the Coulomb-free
laser-induced trajectories as an approximation (Egs. (10)
and (11)). By evaluating Eq. (22) at the end of the elec-
tron excursion, t = to, we obtain the Coulomb-induced
change in velocity accumulated over the entire excursion
as

ta
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Finally, the electron displacement along the y-axis for the

entire excursion interval [t1, 3] is obtained as

to
Ay (tity) = [ A (k1) dt. (25)
t1
Two possible choices for the integral limits ¢; and to in
the above equations are [Ret;, Ret,| and [t, t¢], which
are discussed in Section ITF.

E. Modified time-retrieval equations

The first relation in the time-retrieval equations
(Eq. (17)) is derived by maximizing the tunneling rate
with respect to the two-color delay ¢ [21]. In this ap-
proach, it is assumed that the dependence of the tunnel-
ing rate on ¢ occurs through the real-valued initial trans-
verse velocity as I' oc exp (—(Revy)*7x /2). In fact, this
equation arises from a tunneling picture. To derive a
more accurate equation for this purpose, one can begin
by maximizing the harmonic intensity 0415 = 0 based on
the SFA. Using Eq. (6), this maximization simplifies to
04[ImS] = 0. Here, we use a small scaling factor € to
ensure that ¢, remains independent of ¢. Therefore, we
propose the following modified time-retrieval equations
for the OTC scheme:

8¢[Im S] Smbn 0, 3¢R Py 0, (26)
where R is the same quantity as defined in Eq. (19). In
the Coulomb-free approximation, we have S = Sy. To
incorporate the Coulomb effect, one can use S = Sy +S¢,
where the Coulomb correction S¢ is given by the same
expression as used in the ARM model, Eq. (12).



Table I. Overview of time-retrieval methods, assumptions, and equations adopted in this study.

Method Abbreviation Equations Assumptions

Time-retrieval with Coulomb corrections as an initial kick [26] TRC-kick 17-21 Imt; = 7k, Imt,. =0
Time-retrieval with Coulomb corrections via Coulomb force integration TRC-integration 17-19, 22-25 Imt; =Im t?RM, Imt, =Im tARM
Modified time-retrieval with Coulomb corrections via the Coulomb action MTRC-integration 26, 12, 19, 22-25 Im¢¢; = Im tf‘RM, Imt, =Im tARM

F. Overview of Time-Retrieval Methods and
Assumptions Adopted in This Study

In this study, we consider three different time-retrieval
methods for extracting ionization and return times, based
on the equations introduced in the previous subsections.
We provide further details on the assumptions underly-
ing these methods, along with the abbreviations used, in
Table I. For the TRC-integration method, the integration
limits t; = Ret; and to = Ret, are chosen, as they yield
more accurate retrieved times than the complex integra-
tion limits. In the MTRC-integration method, the limits
t1 =t and ¢y = ty are selected to maintain consistency
with the integration limits used in the Coulomb action
Sc (Eq. 12). It should be noted that Ret; and Ret,
in the integral bounds (appearing in ¢, ta, t, and ty)
are treated as unknown variables in the time-retrieval
process, rather than being fixed known values (such as
those from the QO or ARM models). In this study, all
retrieved times are calculated by inserting the optimal
phases extracted from the TDSE into the time-retrieval
equations. The abbreviations in Table I are used consis-
tently throughout the results presented in this work.

III. RESULTS

A. Retrieved times with Coulomb corrections as
an initial kick

We begin by presenting results obtained using the
time-retrieval method that incorporates Coulomb correc-
tions by modeling the Coulomb interaction as an initial
kick to the electron velocity (TRC-kick). We compare
the retrieved times with those predicted by the QO and
ARM models, which exclude and include the Coulomb
effect, respectively, see Fig. 1(a). The method and as-
sumptions employed in TRC-kick are exactly the same
as those used in [26]. For an OTC scheme with an w — 2w
configuration (blue dashed curves), the retrieved ioniza-
tion time obtained by TRC-kick shows a shift toward
earlier times (about 10 attoseconds at intermediate har-
monics) compared to the QO model. Although this shift
toward earlier times is expected, it still exhibits consid-
erable deviation from the ARM results. The retrieved
return time exhibits a similar shift toward earlier times,
showing good agreement for the intermediate harmonics
but slightly underestimating the shift for lower harmon-
ics and overestimating it for higher harmonics compared
to the ARM result.

For the w — 4w configuration in Fig. 1(a), the retrieved
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Figure 1. (a) Retrieved ionization and return times (Ret;,

Ret,) from TDSE results for an OTC scheme with w — 2w
and w — 4w fields. The black solid lines indicate the real
parts of the times calculated using the Coulomb-free QO
model, while the green solid lines represent the times from
the ARM model. Retrieved times obtained from the original
time-retrieval method with Coulomb corrections modeled as
an initial kick (TRC-kick) are depicted by blue (w — 2w) and
red (w—4w) dashed curves. The temporal regions correspond-
ing to ionization and recombination are highlighted with light-
blue and light-yellow shaded areas, respectively. (b)-(d) The
Gabor time—frequency profile of the total harmonic emission
Ig, the x-component Ig,, and the y-component Ig, for the
probe frequency 4w. The yellow solid curves represents the
emission times extracted from the maxima of the total Gabor
intensity in (b), for each harmonic order. Calculations are
performed for an OTC field with a fundamental wavelength
of 800 nm and a peak intensity of 4x 10'* W/cm?. The probe
field has the scaling factor e = 0.005. For panels (b)-(d), the
two-color delay is set to ¢ = 0.



ionization times are in a better agreement with the pre-
diction of the ARM model, with a deviation of 5-9 at-
toseconds. Indeed, for an OTC laser scheme with a high-
frequency probe field, the Coulomb interaction signifi-
cantly manifests in the optimal phases [25], while the
Coulomb-related terms in the time-retrieval equations
become negligible compared to the laser-driven terms.
Consequently, the ionization time can be retrieved with
reasonable accuracy for higher probe frequencies even
without explicitly including Coulomb corrections in the
time-retrieval equations [25]. The right panel of Fig. 1(a)
reveals that the retrieved return times for the interme-
diate and high harmonics match closely with the QO
model, with a shift of approximately 12-30 attoseconds to
later times, while the ARM model predicts earlier times.
The return times for low harmonics significantly devi-
ate from both QO and ARM models. This discrepancy
may arise from uncertainties in accurately determining
the optimal phases ¢, in the H25-H30 region, due to the
dip-like structure observed in the y-component of the Ga-
bor transform (I, ), as illustrated in Fig. 1(d). This dip
could result from the merging of two branches visible
in the Gabor transform Ig,. While resolving the influ-
ence of intensity minima on optimal phases is beyond the
scope of this study, our approach remains applicable to
regions of the plateau that are unaffected by these min-
ima. The yellow solid curve in Fig. 1 represents the emis-
sion times extracted from the maxima of the total Gabor
intensity Ig = Ig, + Ig, (Fig. 1(b)) for each harmonic
order.

B. Retrieved times with Coulomb corrections via
Coulomb force/potential integration

Here, we present our results for the time-retrieval
methods with Coulomb corrections (TRC-integration
and MTRC-integration), in which the Coulomb effects
are incorporated through integration of the Coulomb
force or potential along the electron trajectories. Fig-
ure 2(a) compares the retrieved ionization and return
times obtained from the TRC-integration method with
the reference QO and ARM times, for both w-2w and w-
4w configurations. The TRC-integration method shows
a slight improvement in retrieving the ionization time for
the w—2w case, exhibiting a larger shift toward earlier
times, approximately 17 attoseconds. The retrieved ion-
ization times for the w—4w configuration show a deviation
of 6-10 attoseconds compared to the ARM prediction.
Fig. 2(b) shows the retrieved ionization and return times
obtained using the MTRC-integration method. As can
be seen, shifts of the retrieved ionization times for the
w—2w case remain underestimated: the shift is approxi-
mately 16 attoseconds toward earlier times compared to
the QO times. In contrast, for the w—4w case, the re-
trieved ionization times show perfect agreement with the
ARM prediction.

The retrieved return times from TRC-integration and
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Figure 2. Ionization and return times retrieved from TDSE
results using (a) TRC-integration and (b) MTRC-integration
methods. The black solid lines indicate the real parts of the
times calculated using the Coulomb-free QO model, and the
green solid lines represent the times from the ARM model.
The TDSE emission times (yellow solid curve) are extracted
from the maxima of the total Gabor time—frequency profile.

MTRC-integration methods exhibit the same trend as
observed with the Coulomb kick approach, with a slight
improvement in agreement with the ARM prediction at
higher harmonic orders. In Fig. 2, we also show a com-
parison with the TDSE emission times (yellow curve).
There is a discrepancy with the ARM/retrieved times,
which may arise from the absence of transition-dipole ef-
fects in the latter methods.

Finally, we investigate the accuracy of the retrieved
times obtained using the proposed methods in this work
(the TRC-integration and MTRC-integration methods)
across various probe field frequencies. Fig. 3(a) and
(b) shows the retrieved ionization time as a function
of probe field frequency for harmonic orders H45 and
H55. As can be seen, the retrieved ionization times
exhibit better agreement with the ARM prediction at
higher probe frequencies, particularly for the MTRC-
integration method. For lower probe frequency, the de-
viation from the ARM model is substantial, reaching a



@
- H45
240 I QO
— I ARM 1
& ——@®— Ret. (MTRC-integeration)
\’,/_ i — & — Ret. (TRC-integeration)
o 220
[a%
200 t . , , , . .
1 15 2 25 3 35 4 45 5
(b) |
- H55
2107
8
3 190
(a2
170
04F
)
S 03¢
S
502 1A sgul ]
Q
g 017
K
O-J"“ﬂ—#/x

1 15 2 25 3 35 4 45 5
probe field frequency (units of w)

Figure 3. Ionization times as a function of the probe frequency
for harmonic orders (a) H45 and (b) H55. The retrieved times
shown as blue (red) lines with solid circles (triangles) are
calculated using the MTRC(TRC)-integration method. The
black and green solid lines indicate the QO and ARM ref-
erence times, respectively. (c¢) The errors in optimal phases
obtained from the SFA and ARM models versus the probe
frequency. The errors are defined with respect to the TDSE
optimal phases, which correspond to the maxima of the total
harmonic intensity.

maximum near the probe frequency 2w. For probe fre-
quencies below 2w, the deviation gradually decreases.

The maximum of the errors near 2w can be attributed
to the limited accuracy of Coulomb action or Coulomb
force integrations around this frequency. Figure 3(c)
shows the errors in the optimal phases obtained from
the SFA and ARM models, with A¢spa = dTDSE — PSFA
and Agarm = ¢TDSE — ¢arM- Here, ¢rpse, dsra, and
oarM represent the optimal phases for maximizing the
total harmonic intensity, obtained from TDSE, SFA, and
ARM, respectively. The ARM optimal phases are ob-
tained by evaluating the action using ARM times com-
puted for the OTC field. The ARM phase error is ex-
pected to be smaller than the SFA phase error due to
the inclusion of Coulomb corrections in the ARM model.
Indeed, the results reveal a reduction of the phase error
at both high and low probe frequencies compared to the
SFA. However, an increased error is observed near 2w.
This counterintuitive finding may be related to the fact
that the ARM model considers only first-order Coulomb
corrections by construction.

IV. CONCLUSIONS

In this work, we have introduced two refinements to
the time-retrieval equations for reconstructing ionization
and return times from observables in an OTC scheme, ap-
plicable to both experiments and simulations. First, we
developed an improved approach to incorporate Coulomb
corrections into the time-retrieval method. Rather than
modeling the Coulomb effect as an instantaneous initial
momentum kick [26], we account for Coulomb effects by
integrating the Coulomb force along the electron trajec-
tories. This approach captures Coulomb-induced time
shifts in the ionization time with greater accuracy and
yields improved agreement with the ARM predictions.
Second, we propose a revised equation for maximizing
the harmonic intensity as a function of the two-color de-
lay. The results of this refinement demonstrate a notably
reduced deviation between the retrieved times and the
ARM predictions at higher probe frequencies. However,
even with both refinements, the retrieval method cap-
tures only about half of the time shift predicted by the
ARM model when using lower probe frequencies, espe-
cially near the experimentally convenient frequency 2w.
Overall, these refinements offer a more precise framework
for attosecond-scale measurements and provide deeper
insights into strong-field phenomena.
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